We prove that a transformation, conjectured in our previous work, between phase-space variables in σ-models related by Poisson-Lie T-duality is indeed a canonical one. We do so by explicitly demonstrating the invariance of the classical Poisson brackets. This is the first example of a class of σ-models with no isometries related by canonical transformations. In addition we discuss generating functionals of canonical transformations in generally non-isometric, bosonic and supersymmetric σ-models and derive the complete set of conditions that determine them. We apply this general formalism to find the generating functional for Poisson-Lie T-duality. We also comment on the relevance of this work to D-brane physics and to quantum aspects of T-duality.
the fact that certain phenomena that present a problem from a field theoretical point of view are simply "gauge" artefacts from a string theoretical view point. This has been illustrated, by means of the interplay between world-sheet supersymmetry and Abelian [13] as well as non-Abelian T-duality [9] , with the help of the canonical formulation; one would like to extend the discussion to Poisson-Lie T-duality (for work and discussion in this direction see [12] ). The revival of open string theory sparked by [14] , thanks to its relevance in understanding non-perturbative string dualities, brings up the interest in T-duality for open strings [15] , in relation to D-branes [16] . Our results in this paper may help to understand backreaction effects of the D-branes due to a Fischler-Susskind type mechanism [17] , as we explain in section 4.
The organization of this paper is as follows: In section 2 we prove the canonical transformation for Poisson-Lie T-duality by showing the invariance of the classical Poisson brackets. In section 3 we discuss generating functionals in general bosonic and N = 1 supersymmetric σ-models and apply for Poisson-Lie T-duality. In section 4 we conclude with an extensive discussion of possible future directions of this work. We have also written in appendix A the derivation of some non-trivial identities used in the proofs of section 2, and in appendix B the derivation of a manifestly Poisson-Lie T-duality invariant affine algebra.
The canonical transformation 2.1 A brief review
We consider a 2-dimensional non-linear σ-model for the d field variables X M = (X µ , Y i ), where X µ , µ = 1, 2, . . . , dim(G) parametrize an element g of a group G and the rest are denoted by Y i , i = 1, 2, . . . , d − dim(G). We also introduce representation matrices {T a }, with a = 1, 2, . . . , dim (G) (τ ± σ). The corresponding action has the form
Similarly we consider another σ-model for the d field variablesX M = (X µ , Y i ), wherẽ X µ , µ = 1, 2, . . . , dim(G) parametrize a different groupG, whose dimension is, however, equal to that of G. The rest of the variables are the same Y i 's used in (1) . Accordingly we introduce a different set of representation matrices {T a }, with a = 1, 2, . . . , dim(G) and the corresponding components of the left-invariant Maurer-Cartan formsL ±a =L µa ∂ ±X µ (with inverseL µa ) as well asL ±A = (L ±a , L i ± ). The corresponding action has the form
The matrix E + AB (for later use we also define E − AB = E + BA ) in (1) may depend on all variables X µ and Y i and similarly for the matrixẼ +AB in the action (2) . Hence, we do not require any isometry associated with the groups G andG.
The σ-models (1) and (2) will be dual to each other in the sense of Poisson-Lie T-duality [10] if the associated algebras G andG form a pair of maximally isotropic subalgebras into which the Lie algebra D of a Lie group D known as the Drinfeld double can be decomposed. This implies that besides the usual commutators
for the algebras G andG, there is also the "mixed" commutator to consider
There is also a bilinear invariant ·|· with the various generators obeying
For more mathematical details one should consult the literature (for instance [18] ). There remains to relate E + AB in (1) toẼ +AB in (2) . In order to do that it is convenient to define matrices a(g), b(g) and Π(g) as
Consistency restricts them to obey
Similarly we define matricesã(g),b(g) andΠ(g) by just replacing the untilded symbols by tilded ones. Then the various couplings in the σ-model actions (1), (2) are restricted to be of the form [10, 19] :
andΦ
where and F ± ai provides the required relation between them. Various aspects of Poisson-Lie T-duality can be found in [10, 11, 19, 20, 21, 11] , generalization to N = 1 world-sheet supersymmetric σ-models in [12, 22] , and some relations to N = 2 superconformal WZW models in [23] .
The proof
In [12] it was conjectured, on the basis of symmetry arguments, and of a correct limit in the case of non-Abelian duality, when one of the groups G orG is Abelian, that the classical canonical transformation relating the σ-model actions (1) and (2) is given by
with P a = L µ a P µ , where
and similarly for the corresponding tilded symbols. We may cast (10) into the equivalent forms, which are in addition Poisson-Lie T-duality-symmetric,
and
It was further checked [12] that (10) is good enough to prove that the Hamiltonians corresponding to actions (1) and (2) are equal, i.e. H =H. This was already a nontrivial check since the right-hand side of (10) depends on theX µ 's and the X µ 's and it is not a priori obvious that when (10) is used in transforming H all X µ -dependence will cancel out, as it eventually does so. To complete the proof that one of (10)- (12) is indeed a canonical transformation, one has to derive it from a generating functional F (with ∂F ∂τ = 0) or equivalently prove that one of (10)- (12) leaves invariant the classical Poisson brackets of phase-space variables for (1) and (2) . We found it more convenient to follow the latter approach, which we present now, leaving for later in the paper the discussion of the generating functional. First, let us focus on the action (1) . The usual pair of phase-space variables (X µ , P ν ) satisfies the basic equal-time Poisson brackets 3 :
3 We will not explicitly display the world-sheet dependence of the phase-space variables involved in the various Poisson brackets. It is understood that the first one in the bracket is always evaluated at σ and the second one at σ ′ , whereas the τ dependence is common.
Using them and the property of the Maurer-Cartan form
A simple inspection of the equivalent transformations (10)- (12) shows that it will be convenient to consider Poisson brackets for (J a , P b ), where
The reason is that (11) then simply reads P a =J a andP a = J a , with both sides of the transformation depending on variables defined in (1) or (2) only. Notice that this is not the case for (10) and (12) . A relatively simple computation shows that
Using (A.6) in (16) and (A.7), (A.3) in (17) we find that they simplify to
where we have carried over from (14) the expression for the Poisson bracket {P a , P b }. It is clear that the analogous equal-time Poisson brackets for the pair of phase-space variables (J a ,P b ) defined for the action (2) are
Under the transformation P a =J a , J a =P a , one goes from (18) to (19) and vice versa, hence proving that (11) and equivalently (10) and (12) are indeed canonical transformations. We may view (18), (19) as the infinite-dimensional analogues of the group theory duality-invariant commutation relations (3), (4) .
In appendix B we find a Poisson-Lie T-duality invariant affine algebra using the manifestly Poisson-Lie T-duality Lorentz-non-invariant action of [11] as it was modified to consistently include the inert fields Y i in [12] .
In subsection 3.2 we will extend the classical canonical equivalence to N = 1 worldsheet supersymmetric σ-models related by Poisson-Lie T-duality by finding how the world-sheet fermions transform (see also [12] ).
On generating functionals
As we have mentioned, it is not necessary to have a generating functional in order to prove that (10)- (12) are canonical transformations, since we have explicitly shown this to be the case at the Poisson bracket level. Nevertheless, it will be nice to obtain it, as it may provide more insight into Poisson-Lie T-duality as well as in searching for the quantum counterpart of the classical canonical transformation. We will be able to derive it perturbatively, in a sense to be explained shortly, but in the process we will provide the general setting for determining a generating functional for bosonic and supersymmetric models once a transformation between phase-space variables is given. For bosonic models there is some discussion in [24] , but here we will be explicit.
The bosonic case
Let us consider two σ-models with actions
and a transformation that relates the conjugate momenta P µ andP µ to X µ andX µ as well as to their first derivatives ∂ σ X µ and ∂ σX µ . We do not include higher derivatives in σ because such derivatives do not appear in (20) , (21) . The most general such transformation is of the form (see however remarks in section 4):
Then it is a canonical transformation if one can find a generating functional F such that
The generating functional should be of the form (we consider functionals with no explicit τ -dependence):
for some functions B µ ,B µ of the target space variables that have to be determined. Using (23) , (24) we find that (we will denote
Notice that B µ andB µ may be changed by total derivatives ∂ µ Λ 2 and∂ µ Λ 2 , respectively, with Λ 2 = Λ 2 (X,X), without affecting the generating functional (24) and the transformation (25) . Next we compare (25) to (22) and obtain the following first-order differential equations for B µ ,B µ
One immediately sees 5 that the matrices in (22) should obey
The latter condition makes (29) identical to (28) . Further compatibility conditions for (26)- (29) may be easily derived by appropriately differentiating them and antisymmetrizing some indices
Equations (28), (29) considered as second-order equations for B µ ,B µ after using (26), (27) , can be integrated once to givẽ
5 Note that, solving (26), (27) determines B µ andB µ up to total derivatives ∂ µ Λ 1 (X,X) and ∂ µ Λ(X,X). We may consistently set Λ 1 = 0 since otherwise it may be absorbed into a redefinition of Λ, i.e. Λ → Λ + Λ 1 . The function Λ is then determined by demanding that (28) is also satisfied.
whereΓ µ , Γ µ are some unknown functions of X µ ,X µ . Equations (35), (36) will be shortly used in deriving (43), (44) below, where the effect ofΓ µ , Γ µ will also be explained.
Finally, one considers the Hamiltonians corresponding to (20) and (21) . Namely,
and a similar expression forH. For (22) to be a canonical transformation, one must require that apart from the fact that it can be derived from a generating functional using (23) , the Hamiltonians for (20), (21) must be equal, i.e. H =H. After some tensor manipulations we find that this is guaranteed, provided that the following conditions hold
Hence, knowledge of the canonical transformation and of
Let us return to the case of Poisson-Lie T-duality. Then, as it was mentioned, the X µ 's and theX µ 's parametrize the groups G andG respectively. It is therefore natural to use, instead of A µν ,Ã µν and C µν , matrices with group-space indices defined as
also, we identify E (12) and (22) we read off the matrices
It can be easily seen that (30) and (38) are indeed satisfied. Solving the differential equations (26)- (28) turned out to be a much more difficult task. We found it convenient to use the parametrization for the group elementg = e iXaT a and hence the target-space variables for the action (2) are theX a 's. Then it turns out that
For a general element l of a group D (with algebra generators T A ) parametrized as l = e iTAX A , one has [25] 
In our case the group D is the Drinfeld double, l =g and T A = {T a ,T a }. Then using (6) one reads off the matrix
, from which one computes e −F and henceã,b,Π andL.
where the matrices f andf have components
Similar expressions hold for the untilded quantities in the parametrization of g = e iX a Ta . Equations (26) and (27) can be solved as a power series in theX a 's. In fact we may find a closed formula for B µ by using (35) with (40) to evaluate the higher-order derivatives in the Taylor expansion of B µ in powers of theX a 's. The result is
where in the matrix C, defined in (40), all theX a 's contained in the expression forΠ in (41) are replaced by tX a 's. Notice also that in accordance with the remaks in footnote 5 we have dropped the contribution of the functionΓ µ , since it is a ∂ µ -derivative. A result similar to (43) holds forB μ
where we have now replaced in C all the X a 's contained in the expression for Π by tX a 's.
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The function Λ(X,X) is related to Γ µ in (36) and is to be determined perturbatively by demanding that (28) is also satisfied. It seems helpless to exactly perform the integral in (43) (and in (44)) because the t-dependence of C(X, tX) is quite complicated. To order O(X) 2 , but exactly in the X µ variables, we find
where Λ abµ is defined in (A.9). In the case of non-Abelian duality where the group G (equivalently G) is Abelian, (46) is reduced to B µ = −L a µX a ,B a = 0 (since theñ f ab c = Π ab = 0), which in fact gives the exact results for the generating functional in that case [6, 8, 9] . Hence, the extra terms in (46) represent in some sense the deviations of Poisson-Lie T-duality from the usual non-Abelian duality. When the group G is also Abelian, (46) is further reduced to B a = −X a ,B a = 0, which of course corresponds to the exact generating functional for Abelian duality [7] . Let us also note that since the generating functional in highly non-linear in X µ ,X µ , it will presumably receive quantum corrections when the canonical transformation is implemented in the full Hilbert space along the lines of [26] . 7 We may easily write (43), (44) in an arbitrary coordinate system by just expressingX a and X a in terms of the corresponding group elementsg and g respectively. For instance, (43) takes the form
where instead of the group elementg in the definition of C in (40) we must use its powerg t . A similar expression holds for (44) as well.
The supersymmetric case
We would like to extend the previous discussion to N = 1 supersymmetric σ-models, with actions corresponding to (20) , (21) given by (24). This is done by simply replacing the bosonic fields and derivatives by their supersymmetric counterparts. However, in order to do that we first have to take the τ -derivative of (24) . Then one obtains
where we have used (26)- (28). The (bosonic) superfield and superderivatives are given by
with Λ] in its definition. An expression similar to (50) holds for Z M as well. After we perform the θ ± integration we are left with an integrand that can be written, after some tensor manipulations, as a total derivative in τ . From that we extract the generating functional, which assumes the form
8 Action (47) appears slightly different from the standard expressions found in the literature (see for instance [27] ). The reason is that we have retained the total derivative terms
which are usually dropped in passing from the superfield to the component formalism of N = 1 supersymmetry. We may verify that if we subtract (48) from (47) we get the usual form of the action. This point was appreciated in the second of refs. [28] .
Notice that the fermionic terms in the above expression are completely determined by the matrices entering into the bosonic transformations (22) . Using (51), (23) the transformation rules for P µ ,P µ are found to be
with a similar expression forP µ . The transformation rules for fermions are found by using
and the explicit expressions for the conjugate to the fermions momenta, which are given by
The result isΨ
Consistency of the two transformations is guaranteed by (38). In the case of Poisson-Lie T-duality, it is natural to use fermions with tangent-space indices, i.e. Ψ a ± = Ψ µ ± L a µ and Ψ ±a =Ψ µ ±Lµa . Then using (39) we may easily show that (55) reduces to eq. (40) of [12] . In the case of non-Abelian duality using the fact that Π ab = 0,Π ab = −f ab cX c , the generating functional (52) reduces to
which has been used in [28] .
Concluding remarks and future directions
We explicitly formulated Poisson-Lie T-duality as a canonical transformation on the world-sheet by proving that a certain transformation, conjectured in [12] , between phasespace variables does indeed leave the Poisson brackets invariant. Since the corresponding σ-models do not generically have any isometries, we have provided the first example of a class of models that are non-isometric but still classically canonically equivalent. 9 Furthermore we have presented a general discussion on generating functionals of canonical transformations in bosonic and N = 1 supersymmetric σ-models and derived the complete set of conditions that determine them. Applying the general formalism to the case of Poisson-Lie T-duality, we derived perturbatively, in a sense that was explained, the corresponding generating functional.
Although not immediately obvious, the form of the canonical transformation (22) is not the most general one. The reason is that we have excluded Wilson lines from appearing in the right-hand sides. A necessary condition for Wilson lines to be permissible is that they cancel each other when the transformation is implemented into the Hamiltonian, which is bilinear. It is clear that in its usual formulation the generating functional approach to canonical transformations (cf. (23), (24)) cannot accommodate these more general transformations, but the canonical equivalence can still be shown by examining the invariance of the Poisson brackets. An important example of such a canonical transformation was given in [9] for the WZW model for a group G and its non-Abelian dual with respect to the vector action of a subgroup H. In this case the canonical mapping for the group element g ∈ G is
where P stands for path ordering, and A − is identified with the on-shell value of the gauge field in the standard approach with Langrange multipliers and it depends on g as well as on the Lagrange multipliers themselves. In the right-hand side of (57) (including A − ) we keep only those parameters in g ∈ G and among the Lagrange multipliers that are gaugeinvariant (this is equivalent to gauge fixing dim(H) out of the total dim(G) + dim(H) parameters). Then it turns out [9] that the local chiral and anti-chiral currents of the WZW model become parafermionic-like objects of the same chirality, with Wilson lines attached to them. Since the conjugate momenta in the WZW model are related linearly to the chiral and anti-chiral currents, it is clear that Wilson lines will appear in the righthand side of (22) . Nevertheless, the Hamiltonian is still local in the dual target-space variables and the affine current Poisson bracket algebra of the original WZW model is indeed respected [9] . It seems plausible that a canonical formulation of the so-called quasi axial-vector duality [30] and of the non-Abelian duality in PCMs with respect to the vectorial action of the group, will utilize these more general transformations. A detailed account of these and related issues is interesting but beyond the scope of the present paper.
Our results are useful in discussing T-duality for open strings in D-manifolds. Firstly, by knowing the explicit canonical map in phase space for Poisson-Lie T-duality, we may study the mapping of the boundary conditions in a systematic way. This will generalize and unify previous work on Abelian and non-Abelian duality for open strings [16, 15, 31] and also complement and clarify existing work [21] on D-branes and PoissonLie T-duality. Perhaps more importantly, we may study T-duality when the backreaction string loop effects into the backgrounds fields due to the D-branes are taking into account. These are due to a Fischler-Susskind type mechanism [17] which in general doesn't respect the isometries the original backgrounds might have, hence rending the discussion within the usual context of Abelian and non-Abelian T-duality as inappropriate. Whether or not the backreaction-corrected backgrounds will be related, at least in some cases, by Poisson-Lie T-duality is an open problem;there is a priori no reason why they will be so. However, if this is the case, the corrections to the generating functional we are after (for the case of Abelian or non-Abelian duality for open strings) should take the form of the correction terms in (46). Even if the backreaction-corrected backgrounds are not Poisson-Lie T-duality-related, we still believe that our quite general (proviso the remarks of the previous paragraph) treatment of generating functionals will be useful in studying their possible canonical equivalence and hence shed more light into D-brane physics. However, there could be an interesting twist in this: since T-duality is valid at each order in the string coupling perturbation theory and since the backreaction effects arise from a higher order in the corresponding expansion than the original background, it is not clear whether or not T-duality is preserved by the combined effect or it is replaced by some other symmetry. Seeds of such symmetry (if it exists at all) should be found in a non-perturbative formulation of string theory. It is very much worth investigating these issues further.
For generic backgrounds the T-duality rules have to be corrected order by order in the σ-model coupling constant perturbation theory. This was first shown for the case of Abelian duality in a restricted class of conformal backgrounds [32] . In [33] a careful analysis on the equivalence of σ-models, related classically by Abelian and non-Abelian T-duality and treated as 2-dimensional field theories in their own right, was carried out. The primary example used in [33] was a 1-parameter family model interpolating between the SU(2) PCM and the O(3) σ-model (2-sphere). The upshot of their analysis was that for Abelian duality the equivalence holds at 1 loop, but at the 2-loop level it requires that the classical transformation be corrected, in accordance in spirit with [32] . For non-Abelian duality, a similar statement holds as well. One should perform a similar analysis in an example where Poisson-Lie T-duality is non-trivially realized, i.e. it does not reduce to the usual Abelian or non-Abelian duality. The analysis of [33] did not include counterterms that would have spoiled the isometries that the classical action had. It will be interesting to investigate this issue in the spirit of Poisson-Lie T-duality, or even the more general ones discussed in section 3, by allowing certain counterterms that will be admissible in a more general framework, even though they will break isometries. Perhaps Abelian and non-Abelian duality on generic curved backgrounds are meaningful only classically and quantum effects force us to work with more general models, with less isometries. A related issue is the preservation or not of conformal invariance in string backgrounds under Poisson-Lie T-duality, which is related to the transformation properties of the dilaton.
Our final brief remark concerns mirror symmetry and T-duality in Calabi-Yau compactifications. Since Calabi-Yau manifolds have no isometries, in order to prove mirror symmetry as T-duality, it seems imperative to understand T-duality in the absence of isometries. Our results on Poisson-Lie T-duality and especially our general formulation of T-duality in non-isometric backgrounds might be helpful towards proving this conjecture.
A Derivation of useful identities
In this appendix we prove some useful identities by using mainly (6) and (7). All of them have their corresponding "duals", obtained by just replacing tilded symbols by untilded ones and vice versa. We start by explicitly evaluating g
We find the identity
Next we evaluate
and contract the result with (a −1 ) a d to find, after we use (A.1) and relabel the indices, the identity
Another identity is derived by evaluating
g and contracting the result by a b d a c e . We find that
Using the definitions (6) we compute the derivatives 5) and then .6) For the latter there is an alternative form found by using (A.2). It reads
Another useful identity is derived by contracting (A.2) by Π dc and then antisymmetrizing in b, d and using the definition (6) and the identity (A.3). The result is the cyclic identity 8) where .9) It turns out that (A.8) is crucial in establishing the second of eqs. (46). Let us also mention that more general identities can be found by replacing the group element g ∈ G at the starting point, by a general group element l ∈ D.
B Manifestly duality-invariant affine algebra
In this appendix we consider the manifestly Poisson-Lie T-duality-invariant action of [11] , with the inclusion of the extra inert fields Y i [12] , and derive a Poisson bracket affine algebra, which is the analogue of (18), (19) . We will use the notation and definitions of [12] , which we will not repeat here. The action in question in given by eq. (26) of [12] , which we rewrite in the form
where we have defined
2)
The relation of (B.1) to (1), (2) is a follows [11, 12] : In the vicinity of the unit element of D we may decompose [18] the group element l ∈ D as l =hg or as l = hg, where h, g ∈ G andh,g ∈G. Using the first decomposition we may integrate outh using the equations of motion to solve for the corresponding "gauge" field A ± =h −1 ∂ ±h ∈G. The result is action (1) . Using the second decomposition and integrating out h by solving for A ± = h −1 ∂ ± h ∈ G we obtain instead action (2) . Action (B.1) is first order in τ as far as l are concerned. Hence, in order to find the corresponding Poisson brackets we have to apply Dirac's procedure. This is quite straightforward with the result 3) where ǫ(σ − σ ′ ) is a step function defined as +1(−1) if σ − σ ′ > 0 (σ − σ ′ < 0). Then if we define the current 4) we may obtain the Poisson brackets for the components J ± a as
The above algebra is manifestly Poisson-Lie T-duality-invariant. We note that (see also [12] ) the canonical transformation (10) and the requirement for 2-dimensional Lorentz invariance on the world-sheet implies (8) and (9) as well as the equality 6) where in the left-hand side we parametrized l ∈ D as denoted and inserted the classical value of A ± , and similarly in the right-hand side. Vice versa, one can show that (B.6) implies the canonical transformation (10) .
